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P r e f a c e  t o  F i r s t  Y e a r l y  R e p o r t  u n d e r  C o n t r a c t  NAS2-7613 
Work u n d e r  C o n t r a c t  NAS2-7613 s t a r t e d  on  J u l y  1, 1973. 
I t  i s  a c o n t i n u a t i o n  o f  r e s e a r c h  c o n d u c t e d  s i n c e  F e b r u a r y  
1, 1 9 6 7 ,  u n d e r  C o n t r a c t  NAS2-4151. P h a s e  V I I - A ,  B a n d  C 
R e p o r t s  o f  J u n e ,  1 9 7 3 ,  t i t l e d ,  " C o n c e p t s  f o r  a T h e o r e t i c a l  
and  E x p e r i m e n t a l  S t u d y  o f  L i f t i n g  R o t o r  Random Loads  a n d  
V i b r a t i o n s " ,  a r e  t h e  f i n a l  r e p o r t s  u n d e r  C o n t r a c t  NAS2-4151 
a n d  l i s t  t h e  9 p r e c e d i n g  r e p o r t s  a n d  li p u b l i s h e d  a r t i c l e s  
a n d  p a p e r s  p r e p a r e d  u n d e r  t h e  c o n t r a c t .  
Meanwhile  2 f u r t h e r  p a p e r s  g e n e r a t e d  u n d e r  t h i s  Con- 
t r a c t  h a v e  b e e n  p u b l i s h e d :  
Crews,  S. T . ,  Hohenemser ,  K. H .  a n d  O r a i s t o n ,  R .  A * ,  
,IgAn Uns teady  Wake Model f o r  a H i n g e l e s s  R o t o r w ,  J o u r n a l  o f  
A i r c r a f t  Vo l .  1 0 ,  No. 1 2 ,  Dec, 1973 ,  pp. 758-760. 
Hohenemser ,  K .  H .  a n d  P r e l e w i c z ,  D. A , ,  "Computer  E x p e r i -  
men t s  on P e r i o d i c  S y s t e m s  I d e n t i f i c a t i o n  Us ing  R o t o r  B l a d e  
T r a c s i e n t  F l a p p i n e - T c r s i o n  R e s p o n s e s  a t  High Advance R a t i o " ,  
AHS/NASA Ames S p e c i a l i s t s  M e e t i n g  on R o t o r c r a f t  Dynamics,  
M o f f e t t  F i e l d ,  C a l i f o r n i a ,  F e b r u a r y  1974.  
The f i r s t  p a p e r  which  h a s  been  g e n e r a t e d  u n d e r  t h e  new 
C o n t r a c t  NAS2-7613 i s :  
Hohenemser ,  K.  H .  a n d  Yin ,  S .  K . ,  "On t h e  Use o f  F i r s t  
O r d e r  R o t o r  Dynamics i n  M u l t i b l a d e  C o o r d i n a t e s " ,  p r e s e n t e d  
a t  t h e  3 0 t h  Annual  N a t i o n a l  Forum o f  t h e  Amer ican  H e l i c o p t e r  
S o c i e t y ,  May 1 9 7 4 ,  P r e p r i n t  831. 
The  r e s e a r c h  n o a l s  s t a t e d  i n  C o n t r a c t  NAS2-7613 a r e  
( a )  Assess a n a l y t i c a l l y  t h e  e f f e c t s  o f  f u s e l a g e  m o t i o n s  o n  
s t a b i l i t y  a n d  r a n d o m  r e s p o n s e .  T h e  p r o b l e m  is  t o  
d e v e l o p  a n  a d e q u a t e  b u t  n o t  o v e r l y  c o m p l e x  f l i g h t  
d y n a m i c s  a n a l y t i c a l  m o d e l  a n d  t o  s t u d y  t h e  e f f e c t s  
o f  s t r u c t u r a l  a n d  e l e c t r o n i c  f e e d b a c k ,  p a r t i c u l a r l y  
f o r  h i n g e l e s s  r o t o r s .  
( b )  S t u d y  b y  c o m p u t e r  a n d  h a r d w a r e  e x p e r i m e n t s  t h e  f e a s i -  
b i l i t y  o f  a d e q u a t e  p e r t u r b a t i o n  m o d e l s  f r o m  n o n - l i n e a r  
trim c o n d i t i o n s .  The p r o b l e m  is t o  e x t r a c t  a n  
a d e q u a t e  l i n e a r  p e r t u r b a t i o n  mode l  f o r  t h e  p u r p o s e  o f  
s t a b i l i t y  and  r a n d o m  m o t i o n  s t u d i e s .  T h e  e x t r a c t i o n  is 
t o  b e  p e r f o r m e d  o n  t h e  b a s i s  o f  t r a n s i e n t  r e s p o n s e s  
o b t a i n e d  e i t h e r  b y  c o m p u t e d  t ime h i s t o r i e s  o r  b y  
m o d e l  t e s t s .  
( c )  E x t e n d  t h e  e x p e r i m e n t a l  m e t h o d s  t o  a s s e s s  r o t o r  wake- 
b l a d e  i n t e r a c t i o n s  by u s i n g  a 4 - b l a d e d  r o t o r  m o d e l  
w i t h  t h e  c a p a b i l i t y  o f  p r o g r e s s i n g  a n d  r e g r e s s i n g  b l a d e  
p i t c h  e x c i t a t i o n  ( c y c l i c  p i t c h  s t i r r i n g ) ,  b y  u s i n g  a 
4 - b l a d e d  r o t o r  m o d e l  w i t h  h u b  t i l t  s t i r r i n g ,  a n d  b y  
t e s t i n g  r o t o r  m o d e l s  i n  s i n u s o i d a l  up  o r  s i d e  f l o w .  
The  f i r s t  y e a r l y  r e p o r t  u n d e r  C o n t r a c t  NAS2-7613 is  
s u b d i v i d e d  i n t o  3  p a r t s ,  w h e r e b y  P a r t s  I ,  11, a n d  I11 a r e  
r e l a t e d  t o  t h e  r e s e a r c h  g o a l s  ( a ) ,  ( b ) ,  a n d  ( c )  r e s p e c t i v e l y ,  
T h e  a u t h o r s  a n d  t i t l e s  o f  t h e  t h r e e  p a r t s  a r e :  
P a r t  I ,  H o h e n e m s e r ,  K ,  H. a n d  Y i n ,  S ,  K . ,  "Methods  S t u d i e s  
Toward  S i m p l i f i e d  R o t o r - B o d y  Dynamics".  
P a r t  11, H o h e n e m s e r ,  K .  H .  a n d  Y i n ,  S. K. ,  "Compute r  
E x p e r i m e n t s  i n  P r e p a r a t i o n  o f  S y s t e m  I d e n t i f i c a t i o n  
f r o m  T r a n s i e n t  R o t o r  Model  T e s t s " ,  
P a r t  111, H o h e n e m s e r ,  K. H .  a n d  C r e w s ,  S. T,, " E x p e r i m e n t s  
w i t h  a  F o u r - B l a d e d  C y c l i c  P i t c h  S t i r r i n g  H o d e l  
R o t o r " .  
P a r t  I c o n s i d e r s  a  number  o f  s i m p l i f i c a t i o n s  i n  p o t o r - b o d y  
d y n a m i c s  a n d  a p p l i e s  t h e  v a r i o u s  a n a l y t i c a l  m o d e l s  
t o  a h y p o t h e t i c a l  compound h i n g e l e s s  r o t o r c r a f t  
w i t h  a n d  w i t h o u t  f e e d b a c k  i n t o  c y c l i c  a n d  c o l l e c t i v e  
c o n t r o l s ,  
P a r t  I1 d e a l s  w i t h  t h e  p r o b l e m  o f  r o t o r  p a r a m e t e r  i d e n t i -  
f i c a t i o n  f r o m  n o i s e  p o l l u t e d  t r a n s i e n t  b l a d e  f l a p p i n g  
r e s p o n s e s .  C o m p u t e r  e x p e r i m e n t s  a r e  u s e d  i n  o r d e r  
t o  g a i n  some i n s i g h t  i n t o  t h e  e f f i c i e n c y  o f  v a r i o u s  
i d e n t i f i c a t i o n  s c h e m e s  t o  b e  l a t e r  a p p l i e d  t o  r o t o r  
m o d e l  f l a p p i n g  t r a n s i e n t s .  
P a r t  I11 s u m m a r i z e s  t h e  t e s t  r e s u l t s  o b t a i n e d  w i t h  t h e  
b - b l a d e d  c y c l i c  p i t c h  s t i r r i n g  m o d e l  r o t o r ,  T h e  
a n a l y t i c a l  b l a d e  f l a p p i n g  r e s p o n s e s  w i t h o u t  c o n -  
s i d e r i n g  t h e  r o t o r  wake a r e  c o m p a r e d  t o  t h e  m e a s u r e d  
r e s p o n s e s  w h i c h  i n c l u d e  t h e  w a k e - b l a d e  i n t e r a c t i o n s .  
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A b s t r a c t  
T h i s  r e p o r t  is d i r e c t e d  t o  t h e  problem of d e v e l o p i n g  
sys tem i d e n t i f i c a t i o n  methods  which c a n  e x t r a c t  model r o t o r  
p a r a m e t e r s  w i t h  r e a s o n a b l e  a c c u r a c y  from n o i s e  p o l l u t e d  
b l a d e  f l a p p i n g  t r a n s i e n t  measurements .  U s u a l l y  p a r a m e t e r  
i d e n t i f i c a t i o n  r e q u i r e s  d a t a  on t h e  s t a t e  v a r i a b l e s ,  t h a t  
i s  o n  d e f l e c t i o n s  and on  r a t e  o f  d e f l e c t i o n s .  T h e  s m a l l  
s i z e  o f  r o t o r  models  makes i t ,  however, d i f f i c u l t  t o  
measure  more t h a n  t h e  b l a d e  f l a p p i n g  d e f l e c t i o n s .  For  t h e  
computer  e x p e r i m e n t s  i t  was,  t h e r e f o r e ,  assumed t h a t  o n l y  
n o i s y  d e c l e c t i o n  ineasurements a r e  a v a i l a b l e .  P a r a m e t e r  
i d e n t i f i c a t i o n s  were pe r fo rmed  f o r  one  and two unknown 
p a r a m e t e r s .  Both r o t a t i n g  c o o r d i n a t e s  and  m u l t i b l a d e  
c o o r d i n a t e s  were  u s e d .  I t  was found  t h a t  d a t a  p r o c e s s i n g  
w i t h  a  d i g i t a l  f i l t e r  a l l o w e d  by  n u m e r i c a l  d i f f e r e n t i a t i o n  
a  s u f f i c i e n t l y  a c c u r a t e  d e t e r m i n a t i o n  o f  t h e  r a t e s  o f  
d e f l e c t i o n  and o f  t h e  a c c e l e r a t i o n s  t o  o b t a i n  r e a s o n a b l e  
- 
p a r a m e t e r  e s t i m a t e s  w i t h  a  s i m p l e  l i n e a r  e s t i m a t o r .  The 
e s t i m a t e s  c o u l d  b e  improved by comput ing t h e  r a t e s  o f  
d e f l e c t i o n  and t h e  a c c e l e r a t i o n s  w i t h  a  Kalman f i l t e r  b a s e d  on 
t h e  s y s t e m  e q u a t i o n s  w i t h  t h e  f i r s t  e s t i m a t e  o f  t h e  p a r a m e t e r s .  
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T a b l e  o f  C o n t e n t s  
Nomencla ture  
I n t r o d u c t i o n  
Non- l inea r  S i m u l t a n e o u s  S t a t e  and P a r a m e t e r  E s t i m a t i o n  
L i n e a r  S t a t e  E s t i m a t i o n  
L i n e a r  P a r a m e t e r  E s t i m a t i o n  
P a r a m e t e r  E s t i m a t i o n  from S i n g l e  B lade  Responses  
E s t i m a t i o n  f rom U n p o l l u t e d  Response  
E-s t ima t ion  from Noise  P o l l u t e d  D i g i t a l l y  F i l t e r e d  Response  
Improved E s t i m a t i o n  from Kalman F i l t e r e d  Response  
E s t i m a t i o n  from Combined T r a n s i e n t  and  T r i m  Response  
P a r a m e t e r  E s t i m a t i o n  f rom M u l t i b l a d e  Responses  
C o n c l u s i o n  
R e f e r e n c e s  
F i g u r e  C a p t i o n s  
F i g u r e s  
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Nomencla ture  
p a r a m e t e r  v e c t o r  
t i m e  v a r i a b l e  b l a d e  f l a p  damping 
s y s t e m  f u n c t i o n  
s y s t e m  m a t r i x  
s y s t e m  i n p u t  g a i n  m a t r i x  
measurement f u n c t i o n  
measurement m a t r i x  
t i m e  v a r i a b l e  ae rodynamic  b l a d e  s t i f f n e s s  
ae rodynamic  A d e r i v a t i v e  
s t a t e  c o v a r i a n c e  m a t r i x  
p a r a m e t e r  c o v a r i a n c e  m a t r i x  
c o v a r i a n c e  m a t r i x ,  i f  r e f e r e n c e  t o  x  o r  
a  i s  unambiguous 
s y s t e m  i n p u t  n o i s e  c o v a r i a n c e  m a t r i x  
measurement n o i s e  c o v a r i a n c e  m a t r i x  
n o n - d i m e n s i o n a l  t i m e  i n  which p e r i o d  o f  
r o t o r  r e v o l u t i o n  i s  2 r  
measurement n o i s e  v e c t o r  
s y s t e m  i n p u t  v e c t o r  i n c l u d i n g  i n p u t  n o i s e  
s t a t e  v e c t o r  
measurement v e c t o r  
b l a d e  f l a p p i n g  a n g l e  
b l a d e  Lock numcer 
y e 0  
b l a d e  c o l l e c t i v e  p i t c h  a n g l e  
S u b s c r i p t s  
non-dimensional  normal f low v e l o c i t y ,  
o r  v a r i a b l e  f o r  backward sweep 
r o t o r  advance r a t i o  
s tandard d e v i a t i o n  
r o t a t i n g  b l a d e  f l a p p i n g  n a t u r a l  
frequency 
v a l u e  a t  t ime  t = 0 ,  o r  c c l l e c t i v e  
f i r s t ,  second s t a t e  v a r i a b l e  
f i r s t ,  second m u l t i b l a d e  v a r i a b l e  f o r  
forward and l e f t  c y c l i c  f l a p p i n g  
r e s p e c t i v e l y  
S u p e r s c r i p t s  
- mean v a l u e  
e s t i m a t e d  v a l u e  
t r a n s p o s e  
i n v e r s e  
t ime d e r i v a t i v e  
I n t r o d u c t i o n  
The method o f  System I d e n t i f i c a t i o n  i s  becoming an 
e f f i c i e n t  a n a l y t i c a l  t o o l  t o  c o r r e l a t e  a s e t  of system 
equat ions  with t r a n s i e n t  responses  obta ined  e i t h e r  exper i -  
mental ly o r  from a  t ime h i s t o r y  of  a  more complete a n a l y t -  
i c a l  model of the  system. The method of  system i d e n t i f i c a t i o n  
i s  p a r t i c u l a r l y  e f f e c t i v e  i f  a  l i n e a r  p e r t u r b a t i o n  model of  a 
b a s i c a l l y  non- l inear  system i s  t o  be i d e n t i f i e d .  App l i ca t ions  
of system i d e n t i f i c a t i o n  methods t o  V/STOL a i ~ c r a f t  a r e  
descr ibed  i n  Reference 111, a p p l i c a t i o n s  t o  r o t o r c r a f t  a r e  
desc r ibed  i n  Reference 121,  and computer e x p e ~ i m e n t s  toward 
s i n g l e  b lade  system i d e n t i f i c a t i o n  a t  high advance r a t i o  a r e  
r epor ted  i n  Reference [ a ] .  
For a l i n e a r i z e d  system of p e r t u r b a t i o n  r o t o r  equat ions  
t h e  frequency response  f u n c t i o n s  o r  t r a n s f e r  func t ions  com- 
p l e t e l y  d e s c r i b e  t h e  system. For h inge less  r o t o r  models 
such f u n c t i o n s  have been exper imenta l ly  determined, s e e  
Referecce [4] and P a r t  TI1 of t h i s  r e p o r t .  Reference [ S ]  
p r e s e n t s  c o r r e l a t i o n s  of t n e  frequency responses  with 
a n a l y t i c a l  models. Since both t h e  r o t o r  frequency response  
t e s t i n g  and t h e  c o r r e l a t i o n  w i t h  a n a l y t i c a l  r o t o r  models is 
q u i t e  l a b o r i o u s ,  an a t t empt  w i l l  be made t o  extrlact an 
adequate l i n e a r  p e r t u r b a t i o n  model from t r a n s i a n t  r o t o r  
responses.  T h i s  is i n  accordance w i t h  Researc!! Goal (b) 
s t a t e d  i n  t h e  Preface .  The a n a l y t i c a l  model w i l l  be the  
a i m p l e r ,  t h e  s m a l l e r  t h e  f r e q u e n c y  Fang. which it is r e q u i r o d  
t o  c o v e r .  I n  a n  i n e r t i a l  syutem t h e  l o w e s t  r o t o r  n a t u r a l  
f r e q u e n c y ,  t h a t  o f  t h e  r e g r e s s i n g  b l a d e  f l a p p i n g  arcr..:.. , , . -  
w i d e l y  s e p a r a t e d  from t h e  h i g h e r  n a t u r a l  f r e q u c n c . . ~ ~ ~ ,  t h o ~ : .  
of  t h e  c o n i n g  and a d v a n c i n g  b l a d e  f l a p p i n g  m ~ d e s .  From 
R e f e r e n c e  1 5 3  one  can  e x p e c t  t h a t  i n  t h i s  low f r e q u e n c y  
r a n g e  t h e  q u a s i s t e a d y  i n f l o w  a s s u m p t i o n  w i l l  be a  r e a -  
s o n a b l e  a p p r o x i m a t i o n .  
The s i m p l e s t  i n f l o w  r e p r e s e n t a t i o n  is  t h a t  by a n  
e q u i v a l e n t  b l a d e  Lock number. I n  a  more s o p h i s t i c a t e d  
i n f l o w  r e p r e s e n t a t i o n  t h e  "L1' m a t r i x  o f  R e f e r e n c e s  151 and 
1 6 1  can  b e  used.  As e x p l a i n e d  i n  P a r t  I11 o f  t h i s  r e p o r t  
t h e  r o t o r  model  e x c i t a t i o n  w i l l  f i r s t  c o n s i s t  o f  t r a n s i e n t s  
o f  c y c l i c  p i t c h  s t i r r i n g .  A f t e r  c o m p l e t i o n  o f  t h e  t e s t  
equipment  t o  g e n e r a t e  s i n u s o i d a l  normal  f l o w  v a r i a t i o n s  i n  
t h e  wind t u n n e l ,  e x c i t a t i o n s  w i t h  normal  f l o w  t r a n s i e n t s  
w i l l  b e  p o s s i b l e .  I n  t h i s  r e p o r t  we a r e  c o n c e r n e d  a b o u t  
t h e  i d e n t i f i c a t i o n  o f  t h e  b l a d c  Lock nrmber from r o t o r  
r e s p o n s e s  t o  t r a n s i e n t  normal  f l o w  i n p u t s .  
The work r e p o r t e d  i n  t h e  f o l l o w i n g  is o f  a p r e l i m i n a r y  
n a t u r e  a n d  was i n t e n d e d  t o  g a i n  some e x p e r i e n c e  w i t h  a 
number o f  l d e n t i f i c a t i o n  schemes a p p l i e d  t o  l i f t i n g  r o t o r s .  
Normal f l o w  t r a n s i e n t s  were  u s e d  i n  two forms:  The f i r s t  
i s  a  r e c t a n g u l a r  normal  f l o w  p u l s e ,  t h e  second  a wave 
shaped  normal  f l o w  p u l s e .  I n  e i t h e r  c a s e  it i s  assumed t h a t  
t h e  e n t i r e  r o t o r  d i s k  e x p e r i e n c e s  a t  a g i v e n  i n s t a n t  of 
t i m e  t h e  same no rma l  f l o w  v e l o c i t y .  Though t h i a  assump- 
t i o n  i s  n o t  v e r y  r e a l i s t i c ,  p a r t i c u l a r l y  f o r  t h e  r e c t a n -  
g u l a r  p u l s e ,  i t  was u s e d  b e c a u r e  o f  i t s  convenience, r i n c e  
t h e  e m p h a s i s  was o n  t h e  i d e n t i f i c a t i o n  me thods ,  n o t  t h e  
a c t u a l  i d e n t i f i c a t i o n s .  The t r a n s i e n t s  wqre o b t a i n e d  w i t h  
a  c o m p l e t e  l i n e g r  a n a l y s i s  i n c l u d i n g  p e r i o d i c  terms. F o r  
t h e  i d e n t i f i c a t i o n  two a n a l y t i c a l  mode l s  were  used :  A 
c o m p l e t e  b l a d e  r e p r e s e n t a t i o n  i n  a  r o t a t i n g  f r a m e  o f  
r e f e r e n c e ,  a n d  a s i m p l i f i e d  m u l t i b l a d e  r e p r e s e n t a t i o n  
o m i t t i n g  p e r i o d i c  t e r m s  a n d  o m i t t i n g  t h e  m u l t i b l a d e  a c c e l e r -  
a t i o n s .  
The c o m p u t e r  e x p e r i m e n t s  i n  t h i s  r e p o r t  d i f f e r  i n  t h e i r  
b a s i c  a s s u m p t i o n s  f rom t h o s e  o f  R e f e r e n c e  C31. I n  
e a r l i e r  c o m p u t e r  e x p e r i m e n t s  i t  was assumed t h a t  . - e  
p o l l u t e d  measu remen t s  o f  t h e  b l a d e  f l a p p i n g  a n d  t s i o n a l  
b l a d e  d e f l e c t i o n s ,  r a t e  o f  d e f l e c t i o n s  and  a c c e l e r a t i o n s  are  
a v a i l a b l e ,  a n d  t h a t  t h e  trim r e s p o n s e s  h a v e  b e e n  removed. 
The p a r a m e t e r  i d e n t i f i c a t i o n  was t h u s  b a s e d  on  p u r e  t r a n s i e n t  
r e s p o n s e s  t o  n o r m a l  f l o w  p u l s e s ,  I n  t h i s  r e p o r t  i t  was 
assumed t h a t  o n l y  n o i s e  p o l l u t e d  b l a d e  f l a p p i n g  d e f l e c t i o n 8  
a r e  knowasno t  t h e i r  r a t e s  o r  a c c e l e r a t i o n s ,  s i n c e  t h i s  w i l l  
b e  t h e  s i t u a t i o n  i n  t h e  p l a n n e d  t r a n s i e n t  r o t o r  model  t e s t s .  
I t  was a l s o  assumed i n  some o f  t h e  c o m p u t e r  e x p e r i m e n t s ,  
t h a t  t r a n s i e n t  a n d  trim r e s p o n s e s  had  n o t  been  s e p a r a t e d ,  
which r e q u i r e s  t h e  i d e n t i f i c a t i o n  o f  two p a r a m e t e r s .  B e c a u r e  
of t h e  t o r s i o n a l l y  ve ry  s t i f f  model r o t o r  b l a d e s  and t h e  
r e l a t i v e l y  low advance  r a t i o  assumed h e r e  (u = .4), 
t o r s i o n a l  e l a s t i c i t y  and r e v e r s e d  f l ow  e f f e c t s  c o u l d  b e  
omi t t ed .  
Non- l inear  S imu l t ane  !s S t a t e  and Paramete r  E s t i m a t i o n  
The g e n e r a l  problem of e s t i m a t i n g  r o t o r c r a f t  d e r i v a t i v e s  
from n o i s y  measurements o f  t r a n s i e n t s  w h i c ; ~  i n c l u d e  t h e  
e f f e c t s  o f  unknown t u r b u l e n c e  e x c i t a t i o n  is  d e f i n e d  i n  
Refe rence  C21 and deve loped  i n  more d e t a i l  i n  Refe rence  [?I .  
The c h a r a c t e r i z a t i o n  i n  Refe rence  C21 a s  "Bayesian Approach 
t o  E s t i m a t i o n "  i s  meant t o  emphasize  a  c e r t a i n  i n t z r p r e t a t i o n  
o f  t h e  i d e n t i f i c a t i o n  a l g o r i t h m  r a t h e r  t h a n  a s p e c i f i c  
"Bayesian" a l g o r i t h m .  The same a l g o r i t h m  can a l s o  b e  
i n t e r p r e t e d  a s  e x p r e s s i o n  o f  maximizat ron o f  a per fo rmance  
c r i t e r i o n .  
The g e n e r a l  p r o ~ l e r :  i s  t h e  t b l l o w i n g :  Given t h e  non- 
l i n e a r  p r o c e s s  o r  sys tem e q u a t i o n s  wi:h an unknown c o n s t a n t  
pa r ame te r  v e c t o r  a ,  unknown s t a t e  v e c t o r  x and known o r  
unknown sys tem i n p u t  v e c t o r  w ,  i n c l u d i n g  i n p u t  n o i s e  
and g iven  t h e  measurement e q u a t i o n s  r e l a t i n g  t h e  s t a t e  v e c t o r  
t o  t h e  measurement v e c t o r  z w i t h  t h e  random measurement n o i s e  
v e c t o r  v ,  
z = H(x) + v ( 3  
d e t e r m i n e  t h e  e s t i m a t e s  a t  t i m e  t + 0 f o r  t h e  a t a t e  v e c t o r  and 
., A 
for  t h e  p a r a m e t e r  v e c t o r  xo a n d  a, r e s p e c t i v e l y  s u c h  t h a t  t h e  
c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p(x/z) o f  t h e  s t a t e  
given t h e  n e a s u r e m e n t  is maximized  f o r  e a c h  tiac s t e p .  The  
L 
e s t i m a t e  a r e p r e s e n t s  t h e  o p t i m a l  c o n s t a n t  p a r a m e t e r  v e c t o r .  
0 
I n  t e r m s  o f  t h e  p e r f o r m a n c e  c r i t e r i o n  t h e  s o l u t i o n  r e q u i r e s  
a t u i ~ i r ~ t i a q  nf  the e x p r e s s i o n  
where  a a n d  x  a r e  t h e  e s t i m a t e s  o f  p a r a m e t e r  a n d  s t a t e  v e c t o r  
0 0 
a t  t i m e  t = 0 b e f o r e  t h e  m e a s u r e m e n t s ,  a n d  where  P and  P 
"0 0 
a r e  t h e  c o r r e s p o n d i n g  c o v a r i a n c e  m a t r i c e s  b e f o r e  t h e  measu remen t s .  
P a r a m e t e r s  a n d  s t a t e  v a r i a b l e s  a p p e a r  a s  p r o d u c t s  ic t h e  
s y s t e m  f u n c t i o n  F ( x , a ) .  I n  m a x i m i z i n g  t h e  e x p r e s s i o n  E q .  (4) 
o n e  o b t a i n s  a  s e t  o f  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  
e s t i m a t e s  ; and  ; which  a r e  g i v e n  i n  a  fo rm s u i t a b l e  f o r  a p p l i -  
c a t i o n  t o  r o t o r c r a f t  i d e n t i f i c a t i o n  i n  R e f e r e n c e  [ ? I .  One 
p rob lem o f  t h e  s i m u l t a n e o u s  e s t i m a t i o n  of  s t a t e  v e c t o r  a n d  
p a r a m e t e r  v e c t o r  i s  i t s  s e n s i t i v i t y  t o  t h e  i n i t i a l  e s t i m a t e s  
b e f o r e  measu remen t s  x a  . U n l e s s  o n e  h a s  r e a s o n a b l y  good 
0' 0 
i n i t i a l  e s t i m a t e s  t h e  n o n - l i n e a r  e s t i m a t i o n  a l g o r i t h m  may 
g r o s s l y  d i v e r g e .  The q u a l i t y  o f  t h e  e s t i m a t e  a l s o  d e p e n d s  o n  t h e  
q u a l i t y  o f  t h e  a n a l y t i c d l  model  u s e d  i n  t h e  i d e n t i f i c a t i o n  
a l g o r i t h m ,  t h a t  i s  it d e p e n d s  o n  t h e  p o s s i b l e  m o d e l i n g  e r r o r s .  
F u r t h e r m o r e ,  t h e  t r a n s i e n t  used i n  t h e  i d e n t i f i c a t i o n  schema 
mus t  b e  w i t h i n  t h e  r a n g e  o f  v a l i d i t y  of  t h e  l i n e a r  p e r t u r -  
b a t i o n  model.  F o r  l a r g e  a m p l i t u d e  t r a n s i e n t s  w i t h  s u b s t a n -  
t i a l  n o n - l i n e a r  e f f e c t s  o n e  c a n n o t  e x p e c t  a  v a l i d  i d e n -  
t i f i c a t i o n  o f  a  l i n e a r  p e r t u r b a t i o n  mode l ,  And, f i n a l l y ,  
L L -  -..- 1 :&.. - C  
c a r =  y u o r r c J  v h  t h ~  ;;tizzti=:: d=;cnd: 3 ~ :  t h e  chzrzc ten  ~f 
t h e  t r a n s i e n t  which  mus t  i n v o l v e  a l l  e s s e n t i a l  modes o f  t h e  
l i n e a r  p e r t u r b a t i o n  model .  I f  s u c h  " g l o b a l "  t r a n s i e n t s  are  
n o t  a v a i l a b l e ,  o n e  c a n  u s e  a  s e q u e n c e  o f  s p e c i a l i z e d  
t r a n s i e n t s  wh ich  i n  c o m b i n a t i o n  e x c i t e  a l l  e s s e n t i a l  modes 
of t h e  p e r t u r b a t i o n  model.  I f  t h e  t r a n s i e n t s  a r e  t o o  
s h o r t  f o r  a n  e f f e c t i v e  p a r a m e t e r  i d e n t i f i c a t i o n ,  o n e  c a n  
u s e  a s e q u e n c e  o f  t r a n s i e n t s  of t h e  same t y p e  a n d  i n t r o d u c e  
fcr  e a c h  a d d i t i o n a l  transient a new s e t  o f  s t a t e  v a r i a b l e s  
a n d  p a r a m e t e r s .  A l l  s e t s  a re  i d e n t i f i e d  s i m u l t a n e o u s l y  
whereby  t h e  mean v a l u e  o v e r  t h e  s e t  o f  p a r a m e t e r s  r e p r e s e n t s  
a n  improved  e s t i m a t e  a s  compared t o  t h a t  o b t a i n e d  f rom a 
s i n g l e  t r a n s i e n t ,  s e e  R e f e r e n c e s  [ 2 ]  a n d  [7 ] .  An i d e n t i -  
f i c a t i o n  method f o r  t h e  s p e c i a l  c a s e  o f  s t e a d y  random 
s y s t e m  e x c i t a t i o n  i s  g i v e n  i n  R e f e r e n c e  [ e l .  P a r a m e t e r s  a n d  
s t a t e s  a r e  e s t i m a t e d  s i m u l t a n e o u s l y  by a  n o n - l i n e a r  a l g o r i t h m ,  
making u s e  of  a  Kalman f i l t e r  r e p r e s e n t a t i o n  o f  t h e  s y s t e m .  
L i n e a r  S t a t e  E s t i m a t i o n  
L i n e a r  e s t i m a t o r s  a r e  o b t a i n e d  if one  assumes  t h a t  
e i t h e r  t h e  p a r a m e t e r  v e c t o r  a  o r  t h e  s t a t e  v e c t o r  x is  
known. I n  t h e  f i r s t  c a s e  t h e  f i r s t  term i n  E q .  ( 4 )  i s  
z e r o .  Maximiza t ion  o f  t h e  r e m a i n i n g  e x p r e s s i o n s  i n  
Eq. ( 4 )  l e a d s  t o  t h e  l i n e a r  e x t e n d e d  Kalman f i l t e r  
e q u a t i o n s  f o r  t h e  e s t i m a t e  G, s e e  f o r  example R e f e r e n c e  
cg I . 
aF a~ T T a H  T -1 aH P = - P + P(=) + GQG - P )  R - P 
ax ax 
n 
P s t a n d s  h e r e  f o r  P,.For a  l i n e a r  p e r t u r b a t i o n  model  F ( x )  
n n 
and H(x)  a r e  l i n e a r  f u n c t i o n s  o f  t h e  e s t i m a t e  x  a n d  can  
n a 
a l s o  b e  w r i t t e n  a s  Fx and Hx ~ e s p e c t i v e l y ,  where  F  i s  t h e  
s y s t e m  m a t r i x  and  H t h e  measurement m a t r i x .  I n i t i a l  
e s t i m a t e s  b e f o r e  measurements  o f  s t a t e  v e c t o r  xo and  i t s  
a s s o c i a t e d  c o v a r i a n c e  m a t r i x  Po must b e  made, and  t h e  
n 
q u a l i t y  o f  t h e  e s t i m a t e  x  vs .  t i m e  w i l l  depend o n  t h e  
q u a l i t y  o f  t h e s e  i n i t i a l  estimates. The c o v a r i a n c e  E q .  ( 6 )  
c a n  b e  i n t e g r a t e d  w i t h o u t  knowing ; o r  z. I n  t h e  a b s e n c e  o f  
s y s t e m  n o i s e ,  Q = 0 ,  P may a s y m p t o t i c a l l y  a p p r o a c h  ze ro .  
From t h e n  on t h e  s o l u t i o n  o f  t h e  f i l t e r  Eq. ( 5 )  w i l l  n o t  
n 
depend anymore on t h e  measuraments  z. The e s t i m a t e  x  is  t h e n  
i d e n t i c a l  t o  t h e  r e s u l t  f rom i n t e g r a t i n g  t h e  s y s t e m  E q .  (1) 
f o r  g i v e n  a .  As l o n g  a s  P i s  f i n i t e ,  t h e  i n t e g r a t i o n  o f  
t h e  s y s t e m  e q u a t i o n  w i l l  r e s u l t  i n  a  s t a t e  v e c t o r  x  d i f -  
f e r e n t  f rom due  t o  t h e  t h i r d  t e r m  i n  Cq. ( 5 ) .  For 
l a r g e  m e a s u r e ~ e n t  n o i s e  t h e  c o r r e c t i o n  t e r m  from measu re -  
a 
ment s  i n  E q .  ( 5 )  w i l l  h a v e  l i t t l e  e f f e c t  on t h e  e s t i m a t e  x ,  
s i n c e  t h e  c o r r e c t i o n  t e r m  h a s  a  f a c t o r  R-l. 
I f  a l l  s t a t e  v a r i a b l e s  a r e  measu red  w i t h o u t  n o i s e ,  
E q .  ( 5 )  r e v e r t s  t o  t h e  s y s t e m  e q u a t i o n  ( 1 )  a n d  t n e r e  i s  n o  
need  f o r  t h e  Kalman f i l t e r .  I f  t h e r e  a r e  n o i s y  m e a s u r e m e n t s  
o f  some s t a t e  v a r i a b l e s  and  no m e a s u r e m e n t s  o f  o t h e r  s t a t e  
v a r i a b l e s ,  E q s .  ( 5 )  a n d  ( 6 )  w i l l  p r o v i d e  a n  o p t i m a l  e s t i m a t e  
o f  a l l  s t a t e  v a r i a b l e s  g i v e n  t h e  measu remen t s .  I f  n o t  a l l  
p a r a m e t e r s  of  t h e  v e c t o p  a a r e  w e l l  known, a n d  i f  o n l y  
i n c o m p l e t e  n o i s y  measu remen t s  o f  x  e x i s t ,  o n e  c a n  s t i l l  u s e  
a 
Eqs .  ( 5 )  and  (6) t o  o b t a i n  a n  e s t i m a t e  x,  o n  t h e  c o n d i t i o n  
t h a t  t h e  e r r 3 F s  i n  a a r e  n o t  s u b s t a n t i a l .  T h i s  c a s e  w i l l  b e  
t r e a t e d  i n  o n e  o f  t h e  l a t e r  n u m e r i c a l  e x a m p l e s ,  
L 
The e s t i m a t e  x ( t )  f rom Eqs.  ( 5 )  a n d  ( 6 )  is  o p t i m a l  g i v e n  
t h e  measu remen t s  z  be tween  t i m e  0 a n d  t i m e  t .  F o r  s m a l l  time 
v a l u e s  t h e  e s t i m a t e  w i l l  b e  l e s s  a c c a r a t e  t h a n  f o r  l a r g e r  
t i m e  v a l u e s ,  s i n c e  f e w e r  measurement  d a t a  a r e  u s e d .  One 
method o f  i m p r o v i n g  t h e  e a r l y  e s t i m a t e s  by u t i l i z i n g  a l l  o f  
t h e  measurement  d a t a  i s  s m o o t h i n g  by t h e  backward  sweep 
L 
method,  s e e  f o r  example  R e f e r e n c e  [9]. Once x  i s  known f rom 
Eqs. ( 5 )  a n d  ( 6 )  u p  t o  t = tf, o n e  d e t e r m i n e s  f o r  t h e  l i n e a r  
c a s e  H ( x )  = Hx,  F(x) = Fx t h e  v a r i a b l e  A f rom 
i n t e g r a t i n g  b a c k w a r d s  w i t h  i n i t i a l  c o n d i t i o n  A ( t f )  = 0. 
A 
The improved  e s t i m a t e  o f  t h e  s t a t e  v e c t o r  i s  
wh ich  i s  o p t i m a l  g i v e n  a l l  measu remen t s  b e t w e e n  t = 0 and  
t = t f .  One can now a l s o  improve  o n  t h e  mean v a l u e  o f  t h e  
s y s t e m  i n p u t  wh ich  had b e e n  assumed a s  G b e f o r e  measu remen t s .  
A 
The o p t i m a l  e s t i m a t e  w g i v e n  a l l  m e a s u r e m e n t s  i s  
I n  t h i s  r e p o r t  we w i l l  n o t  make u s e  o f  t h e  p o s s i b i l i t y  o f  
i m p r o v i n g  t h e  e a r l y  e s t i m a t e  f rom Eqs.  ( 5 )  a n d  (6) by t h e  
p r o c e s s  o f  s m o o t h i n g ,  b u t  t h i s  p o s s i b i l i t y  s h o u l d  b e  l o o k e d  
i n t o  f o r  l a t e r  l i f t i n g  r o t o r  a p p l i c a t i o n s .  
Ano the r  way of  u s i n g  E q s .  ( 5 )  a n d  ( 6 ) ,  documented  f o r  exampl  
i n  R e f e r e n c e  [ ? I ,  i s  t o  r e p l a c e  t h e  s y s t e m  Eq. ( 1 )  by  a r e l a t i o n  
b e t w e e n  t h e  s t a t e  v a r i a b l e s  a n d  t h e  a c c e l e r a t i o n  which  does j 
n o t  i n c l u d e  t h e  p a r a m e t e r  v e c t o r  a .  Assuming,  f o r  e x a m p l e ,  
i 
t h a t  n o i s y  a c c e l e r a t i o n  m e a s u r e m e n t s  e x i s t ,  o n e  writes Eq. ( 1 )  i 
1 
i i n  t h e  form i 
1 
x = Gw ( 1 0  ) 
whereby w is now a  measu red  q u a n t i t y .  I n  a d d i t i o n  we h a v e  3 
- 
t h e  m e a s u r e m e n t s  z. Eqs. ( 5 )  a n d  (6) f o r  F ( X )  = 0 a l l o w  ,- 
now t o  d e t e r m i n e  a n  o p t i m a l  e s t i m a t e  based o n  t h e  mea- 
s u r e m e n t s ,  w i t h o u t  knowing t h e  s y s t e m  e q u a t i o n .  Such  data 
p r o c e s s i n g  i s  d e s i r a b l e  b e f o r e  p a r a m e t e r  i d e n t i f i c a t i o n .  
I n  t h e  c a s e  o f  o u r  p l a n n e d  mode l  t e s t s  t h i s  t y p e  of d a t a  
p r o c e s s i n g  i s  n o t  p o s s i b l e  s i n c e  o n l y  f l a p p i n g  d e f l e c t i o n s  
a r e  m e a s u r e d  b u t  n o t  d e f l e c t i o n  r a t e s  o r  a c c e l e r a t i o n s .  
M a t h e m a t i c a l  r e l a t i o n s  b e t w e e n  m e a s u r e d  q u a n t i t i e s  
o u t s i d e  t h e  s y s t e m  e q u a t i o n s  d o ,  t h e r e f o r e ,  n o t  e x i s t .  
L i n e a r  P a r a m e t e r  E s t i m a t i o n  
We a r e  now p r o c e e d i n g  t o  t h e  s e c o n d  c a s e  o f  a l i n e a r  
e s t i m a t i o n  whe re  we a s s u m e  t h a t  by  m e a s u r e m e n t s  a n d  d a t a  
p r o c e s s i n g  t h e  s t a t e  v e c t o r  x a n d  i t s  d e r i v a t i v e  a r e  
known, w h i l e  t h e  p a r a m e t e r  v e c t o r  a is  unknown. We r e p l a c e  
t h e  s y s t e m  e q u a t i o n  by  Eq. ( 2 1 ,  a n d  wr i t e  t h e  measu remen t  
E q .  ( 3 )  i n  t h e  fo rm o f  t h e  s y s t e m  e q u a t i o n  
* . 
The o p t i m a l  e s t i m a t e  a b a s e d  on  m e a s u r e m e n t s  x  a n d  x i s  now 
a 
g i v e n  by Eqs .  ( 5 )  and  ( 6 )  a f t e r  r e p l a c i n g  x by and  con-  
P s t a n d s  h e r e  f o r  Pa. S i n c e  a s y m p t o t i c a l l y  , when t h e  
% 
t r a n s i e n t  h a s  s u b s i d e d ,  P + 0 ,  a  + 0 ,  o n e  o b t a i n s  a s y m p t o t i c  
v a l u e s  f o r  t h e  p a r a m e t e r  v e c t o r  e s t i m a t e .  Whi l e  n o i s e  i n  
0 
t h e  a c c e l e r a t i o n  measurement  o f  x is of no c o n c e r n  - E q .  ( 1 1 )  
i n c l u d e s  t h e  n o i s e  t e r m  v  -, t h e r e  i s  no p r o v i s i o n  i n  t h i s  
a l g o r i t h m  f o r  n o i s e  i n  t h e  s t a t e  v e c t o r  measurement  x. A s  
shown i n  R e f e r e n c e  111 and  a s  w i l l  become o b v i o u s  a l s o  f rom 
t h e  l a t e r  n u m e r i c a l  e x a m p l e s ,  n o i s e  i n  t h e  measu remen t  o f  x 
A 
p r o d u c e s  a b i a s  i n  t h e  e s t i m a t e  a ,  same a s  n o n - l i n e a r i t i e s  i n  
t h e  s y s t e m  e q u a t i o n s .  I t  i s ,  t h e r e f o r e  a d v i s a b l e ,  b e f o r e  
a p p l y i n g  t h e  p a r a m e t e r  e s t i m a t i o n  scheme o f  Eqs. ( 1 2 )  a n d  ( 1 3 1 ,  
t o  remove a s  much a s  p o s s i b l e  t h e  n o i s e  i n  t h e  s t a t e  v a r i a b l e  
measu remen t s .  
The s i m u l t a n e o u s  e s t i m a t i o n  o f  s t a t e  v a r i a b l e s  a n d  
p a r a m e t e r s  by n o n - l i n e a r  a l g o r i t h m s  l i k e  t h o s e  u s e d  i n  
R e f e r e n c e s  C71 a n d  [ 8 ]  r e q u i r e s  good i n i t i a l  e s t i m a t e s  t o  
s t a r t  up  t h e  a l g o r i t h m .  A l i n e a r  e s t i m a t o r  l i k e  Eqs. ( 1 2 )  
and ( 1 3 )  c a n  p r o v i d e  t h e s e  i n i t i a l  e s t i m a t e s  w i t h  l i t t l e  
e f f o r t .  The q u e s t i o n  t h e n  i s ,  w h e t h e r  t h e  i m p ~ o v e m e n t s  
p o s s i b l e  w i t h  t h e  n o n - l i n e a r  e s t i m a t o r s  a r e  w o r t h  t h e  
c o n s i d e r a b l e  a d d i t i o n a l  e f f o r t .  I n  t h e  f o l l o w i n g  c o m p u t e r  
e x p e r i m e n t s  o n l y  t h e  l i n e a r  e s t i m a t o r  Eqs. ( 1 2 )  a n d  (13)  was 
a p p l i e d .  
I n  a l l  c a s e s  p a r a m e t e r s  c o u l d  b e  i d e n t i f i e d  w i t h  o n l y  a 
few p e r c e n t  e m o r ,  s o  t h a t  a n  improvement  of t h e  e s t i m a t e  was 
u n n e c e s s a r y .  The s i t u a t i o n  may c h a n g e  when more complex  r o t o r  
i d e n t i f i c a t i o n  p r o b l e m s  w i l l  b e  a t t a c k e d  i n  t h e  f u t u r e .  
P a r a m e t e r  E s t i m a t i o n  f rom S i n g l e  B l a d e  R e s p o n s e  
From a n  e x p e r i m e n t a l  p o i n t  o f  v i ew,  t h e  b l a d e  f l a p p i n g  
r e s p o n s e  t o  a  t r a n s i e n t  i n p u t  is  e a s y  t o  o b t a i n  i n  a 
r o t a t i n g  r e f e r e n c e  s y s t e m .  I n  a d d i t i o n  t o  t h e  t r a n s i e n t  
b l a d e  f l a p p i n g  m o t i o n  t h e r e  i s  t h e  f l a p p i n g  m o t i o n  from 
t r i m ,  wh ich  c a n  b e  much l a r g e r  t h a n  t h e  t r a n s i e n t .  The 
i n a c c u r a c i e s  i n v o l v e d  i n  s e p a r a t i n g  o u t  t h e  t r a a s i e n t  f rom 
t h e  combined t r a n s i e n t  a n d  t r i m  r e s p o n s e  may b e  s i g n i f i c a n t .  
A s  a n  a l t e r n a t i v e  it w i l l  b e  a t t e m p t e d  t o  i d e n t i f y  t h e  
b l a d e  Lock number f rom t h e  combined  r e s p o n s e .  
The f i r s t  t r a n s i e n t  model  e x p e r i ~ i a n t s  a r e  e x p e c t e d  t o  b e  
c o n d u c t e d  w i t h  t r a n s i e n t s  i n  c y c l i c  p i t c h  s t i r r i n g  f r e q u e n c y .  
L a t e r , e x p e r i m e n t s  w i l l  b e  made w i t h  t r a n s i e n t  n o r m a l  f l o w  
v a r i a t i o n s .  The c o m p u t e r  e x p e r i m e n t s  r e p o r t e d  h e r e  a l l  r e f e r  
t o  n o r m a l  f l o w  t r a n s i e n t s .  I t  i s  assumed t h a t  t h e  e n t i r e  
r o t o r  d i s k  e x p e r i e n c e s  a t  a  g i v e n  t i m e  t h e  same n o r m a l  f l o w  
component .  T h i s  s i m p l i f i e d  mode l  is  b e l i e v e d  t o  b e  a d e q u a t e  
t o  p r o v i d e  some i n s i g h t  i n t o  t h e  a c c u r a c y  o f  t h e  v a r i o u s  
i d e n t i f i c a t i o n  schemes .  For  t h e  l a t e r  a c t u a l  i d e n t i f i c a t i o n s  
f r o m  e x p e r i m e n t a l  n o r m a l  f l o w  t r a n s i e n t s  a , e t t e r  a n a l y t i c a l  
model  c o n s i d e r i n g  t h e  g r a d u a l  p e n e t r a t i o n  o f  t h e  r o t o r  d i s k  
i n t o  a no rma l  f l o w  wave may become n e c e s s a r y .  
The two t r a n s i e n t  e x c i t a t i o n s  s t u d i e d  a r e  a r e c t a n g u l a r  
p u l s e  a n d  a  wave s h a p e d  p u l s e  o f  n o r m a l  f l o w .  They a r e  
shown i n  Fig. 1 t o g e t l \ a r  w i t h  t h e i r  f l a p p i n g  r e s p o n s e s  i n  
t h e  r o t a t i n g  r e f e r e n c e  s y s t e m .  The r e s p o n s e  i r  o b t a i n e d  
f rom t h e  l i n e a r  a n a l y s i s  a s r u m i n g  a b l a d e  Lock number o f  
y = 5, a  r o t a t i n g  b l a d e  n a t u r a l  f r e q u e n c y  o f  u1 = 1.2 ,  a n d  
a n  a d v a n c e  r a t i o  o f  u = . I .  (The t i p  l o s s  f a c t o r  i s  . 9 7 )  
A s t r a i g h t  r i g i d  b l a d e  e l a s t i c a l l y  h i n g e d  a t  t h e  r o t o r  
c e n t e r  was assumed.  
I d e n t i f i c a t i o n  w i t h  Eqs. ( 1 2 )  a n d  ( 1 3 )  r e q u i r e s  d a t a  
o n  d e f l e c t i o n s ,  r a t e  o f  d e f l e c t i o n s  and  a c c e l e r a t i o n s ,  t h a t  
i s  x a n d  x mus t  be  known. The r a t e s  o f  d e f l e c t i o n  a n d  t b e  
a c c e l e r a t i o n s  c a n  e i t h e r  b e  o b t a i n e d  f r o m  t h e  s o l u t i o n  o f  
t h e  r e s p o n s e  p r o b l e m ,  o r  by n u m e r i c a l  d i f f e r e n t i a t i o n  o f  
t h e  d e f l e c t i o n  r e s p o n s e .  I f  t h e  l a t t e r  is  n o t  n o i s e  p o l -  
l u t e d  i t  was found  t h a t  e i t h e r  method i s  s a t i s f a c t o r y  a n d  
l e a d s  t o  t h e  same e s t i m a t e s .  The i d e n t i f i c a t i o n  o f  t h e  
b l a d e  Lock number h a s  b e e n  p e r f o r m e d  f o r  4 t y p e s  o f  r e s p o n s e s :  
1. U n p o l l u t e d  t r a n s i e n t  
2.  N o i s e  p o l l u t e d  t r a n s i e n t  
3. U n p o l l u t e d  combined  t r a n s i e n t  a n d  t r i m  r e s p o n s e  
4. N o i s e  p o l l u t e d  combined  t r a n s i e n t  a n d  t r i m  r e s p o n s e  
E s t i m a t i o n  f r o m  U n p o l l u t e d  Response  
We b e g i n  w i t h  t h e  f i r s t  t y p e .  The q u e s t i o n  a r i s e s ,  what  
a 
i n i t i a l  c o n d i t i o n s  yo a n d  Po t o  r e l e c t .  I n  o r d e r  t o  c o v e r  
t h e  most  u n f a v o r a b l e  c a s e ,  yo a 8 0 war s e l e c t e d  i n  a l l  examples .  
The a c c u r a c y  o f  t h e  estimate can  b e  improved,  though  n o t  by 
.) 
much, i f  a b e t t e r  i n i t i a l  e s t i m a t e  is  u s e d ,  s a y  yo 8 3, 
where a c t u a l l y  y = 5. With r e s p e c t  t o  t h e  i n i t i a l  v a l u e  Po 
it was found  t h a t  t h e  a c c u r a c y  o f  t h e  e s t i m a t e  was u s u a l l y  
b e t t e r  f o r  h i g h e r  v a l u e s  o f  Po. An upper  l i m i t  o f  Po is 
g i v e n  by t h e  s e l e c t e d  t i m e  s t e p  f o r  t h e  n u m e r i c a l  i n t e g r a t i o n  
. 
of  E q .  ( 1 3 ) .  P i s  n e g a t i v e  and  s h o u l d  n o t  b e  s o  l a r g e  as t o  
r e d u c e  P e x c e s s i v e l y  f o r  o n e  time s t e p .  These  time s t e p s  
were s e l e c t e d  t o  be  .1 i n  a  n o n - d i m e n s i o n a l  t i m e  which 
makes t h e  p e r i o d  o f  o n e  r o t o r  r e v o l u t i o n  2n. 
Fig .  :(a) shows f o r  t h e  r e c t a n g u l a r  normal  f l o w  p u l s e  
. 
t h e  e s t i m a t e  y and i t s  c o v a r i a n c e  P  v s .  t i m e  f o r  Po = 1000 
and 2000. The f i n a l  v a l u e  o f  i s  o b t a i n e d  a f t e r  l e s s  t h a n  
one  r o t o r  r e v o l u t i o n .  The h i g h e r  i n i t i a l  c o v a r i a n c e  g i v e s  
t h e  b e t t e r  e s t i m a t e  which has a n  e r r o r  o f  a b o u t  2%. F i g .  2 ( b )  
shows f o r  t h e  wave s h a p e d  normal  f l o w  p u l s e  t h e  e s t i m a t e  
; and i t s  c o v a r i a n c e  P. Now t h e  a s y m p t o t i c  v a l u e  o f  ; i s  
d e l a y e d  t o  somewhat less t h a n  2 r o t o r  r e v o l u t i o n s .  Again 
t h e  h i g h e r  i n i t i a l  c o v a r i a n c e  g i v e s  t h e  b e t t e r  e s t i m a t e .  
Because  o f  t h e  s low b u i l d - u p  o f  t h e  f l a p p i n g  t r a n s i e n t  
e v i d e n t  from F ig .  l ( b )  t h e  i d e n t i f i c a t i o n  t a k e s  l o n g e r  and  i s  
f o r  t h e  same i n i t i a l  v a l u e  o f  Po l e e s  a c c u r a t e .  As t h e  
. , 
c u r v e  f o r  Po = -,SO00 shows,  a  b e t t e r  a c c u r a c y  o f  a b o u t  1'4 
c a n  b e  o b t a i n e d  f o r  a  h i g h e r  i n i t i a l  Po. The h i g h e r  v a l u e s  
o f  Po f o r  t h e  n a v e  shaped  p u l s e  a s  compared t o  t h e  r e c t a n g u l a r  
p u l s e  a r e  a d m i s s a b l e  s i n c e  t h e  maximum down s l o p e s  o f  t h e  
P c u r v e s  a r e  much l o w e r  f o r  t h e  wave s h a p e d  pulme,  
E s t i m a t i o n  f rom N o i s e  P o l l u t e d  D i g i t a l l y  F i l t e r e d  Response  
We now p r o c e e d  t o  t h e  s e c o n d  t y p e  o f  r e s p o n s e ,  t h e  
n o i s e  p o l l u t e d  t r a n s i e n t .  S i m u l a t e d  n o i s y  measu remen t s  
w e r e  o b t a i n e d  by  a d d i n g  a t  e a c h  o f  t h e  time p o i n t s  u s e d  f o r  
t h e  n u m e r i c a l  i n t e g r a t i o n  ( t i m e  s t e p  s i z e  .1) s a m p l e s  
fbom z e r o  mean c o m p u t e r  g e n e r a t e d  G a u s s i a n  random s e q u e n c e s .  
C o n t r a r y  t o  R e f e r e n c e  C31 t h e  n o i s e  was o n l y  added  t o  t h e  
computed  b l a d e  f l a p p i n g  d e f l e c t i o n s .  The p r o b l e m  now i s ,  
how t o  b e s t  o b t a i n  t h e  r a t e s  o f  d e f l e c t i o n  a n d  t h e  a c c a l e r -  
a t i o n s  n e e d e d  f o r  t h e  i d e n t i f i c a t i o n  a l g o r i t h m  o f  Eqs. ( 1 2 )  
and  ( 1 3 ) .  Kalman f i l t e r i n g  o f  t h e  d a t a  w i t h o u t  u s i n g  t h e  
s y s t e m  e q u a t i o n s ,  a s  was p e r f o r m e d  i n  R e f e r e n c e  C71, i s  n o t  
p o s s i b l e  h e r e ,  s i n c e  no m a t h e m a t i c a l  r e l a t i o n s  b e t w e e n  t h e  
t e s t  d a t a  o u t s i d e  t h e  s y s t e m  e q u a t i o n s  e x i s t ,  One way i s  t o  
f i l t e r  t h e  d a t a  w i t h  a z e r o  p h a s e  s h i f t  d i g i t a l  f i l t e r  a n d  
t h e n  d i f f e r e n t i a t e  t h e  f i l t e r e d  d a t a  t w i c e  f o r  i n s e r t i o n  
i n t o  Eqs.  ( 1 2 )  a n d  ( 1 3 ) .  I n  s e l e c t i n g  t h e  c u t - o f f  f r e q u e n c y  
o f  t h e  d i g i t a l  f i l t e r ,  o n e  w i s h e s  t o  remove  t h e  n o i s e  w i t h o u t  
d i s t o r t i n g  t h e  r e s p o n s e  t o o  much, T h r e e  c u t - o f f  r a n g e s  o f  
tlSa d i g i t a l  f i l t e r  ( s e e  Reference 1 0 )  *ere t r i e d :  ,6  t o  ,9 ,  a 
1.7 t o  1.9, 3 .5  t o  3.9. 
I t  was f o u n d  t h a t  t h e  a c c u r a c y  o f  t h e  p a r a m e t e r  i d e n t i -  
f i c a t i o n  i s  b e s t  f o r  t h e  m i d d l e  r a n g e .  The s t a n d a r d  d e v i a t i o n  
o f  t h e  a d d e d  w h i t e  n o i s e  was ag 8 . 2  and is  p i c t u r e d  i n  F i g ,  1 
i n  compar i son  t o  t h e  r e s p o n s e  c u r v e s .  T h i s  is a a u b s t a n -  
t i a l l y  h i g h e r  n o i s e  l e v e l  t h a n  c a n  b e  e x p e c t e d  i n  t h e  r o t o r  
model  measurements .  A v a l u e  o f  og t .05  was a l r o  i n v e s t i -  
g a t e d .  The i n i t i a l  v a l u e  o f  t h e  c o v a r i a n c e  was Po 2000, 
A 
F i g s .  3 ( a )  and  3 ( b )  show f o r  Po = 2000 t h e  e s t i m a t e  y 
and  i t  v a r i a n c e  P/P, f o r  t h e  r e c t a n g u l a r  and  wave shaped  
p u l s e  r e s p e c t i v e l y .  The c a s e s  a8 = . 2  and  .05 a r e  p r e s e n t e d .  
For  t h e  r e c t a n g u l a r  p u l s e  t h e  e r r o r  i n  t h e  f i n a l  e s t i m a t e  i s  
much l a r g e r  t h a n  f o r  t h e  u n p o l l u t e d  c a s e ,  a s  c a n  b e  s e e n  by 
compar ing F i g s .  2 ( a )  and 3 ( a ) .  The e r r o r  is  a b o u t  1 2 %  f o r  
0 8  = , 0 5  and 16% f o r  og = .2 a s  compared t o  2% when u s i n g  
t h e  u n p o l l u t e d  t r a n s i e n t .  For  t h e  wave shaped  p u l s e  t h e  
e r r o r s  i n  t h e  e s t i m a t e  a r e  l i t t l e  a f f e c t e d  by t h e  n o i s e  
p o l l u t i o n ,  a s  c a n  be s e e n  by compar ing  F i g s ,  2 ( b )  a n d  3 ( b )  
f o r  Po = 2000, for a g  = .05 t h e  e r r o r  is  a b o u t  
4%, f o r  a 6  = , 2  it is  twice a s  l a ~ g e .  Due t o  t h e  n o i s e  
p o l l u t i o n  t h e  c u r v e s  do  n o t  have  an  a s y m p t o t e  w i t h i n  t h e  
time r a n g e  shown up t o  t = 1 2 ,  b u t  f l u c t u a t e  t o  a  c e r t a i n  
d e g r e e .  The r e a s o n  why n o i s e  p o l l u t i o n  h a s  a  l o w e r  e f f e c t  
on t h e  a c c u r a c y  o f  t h e  e s t i m a t e  f o r  t h e  wave s h a p e d  p u l s e  
i s  p r o b a b l y  t h e  more g r a d u a l  o n s e t  o f  t h e  r e s p o n s e  which 
l e a d s  t o  s m a l l e r  i n i t i a l  e r r o ~ 6  i n  t h e  d i f f e r e n t J . 2 1  q u o t i e n t s  
o f  t h e  n o i s e  p o l l u t e d  f i l t e r e d  r e s p o n s e ,  F i g ,  4 shows f o r  
t h a  two t y p e s  o f  normal  f l o w  p u l a e s  t h e  r a t e  o f  b l a d e  
f l a p p i n g  d e f l e c t i o n  w i t h  and w i t h o u t  n o i s e  p o l l u t i o n  o b t a i n e d  
by d i f f e r e n t i a t i n g  t h e  n o i s e  p o l l u t e d  and f i l t e r e d  r e s p o n a e .  
There  i s  f o r  b o t h  t y p e s  of p u l a e s  a  s i z e a b l e  error) 
i n  from n o i s e  p o l l u t i o n  which i s  m a g n i f i e d  a f t e r  a n o t h a r  
d i f f e r e n t i a t i o n  t o  o b t a i n  i. 
Improved E s t i m a t i o n  from Kalman F i l t e r e d  S e s p o n s e  
Once an  a p p r o x i m a t e  v a l u e  f o r  t h e  p a r a m e t e r  i s  known, 
o n e  c a n  a t t e m p t  t o  improve on t h e  r e s u l .  O '  t h e  i d e n t i f i c a t i o n  
by a p p l y i n g  t h e  Kalman f i l t e r  Eqs. ( 5 )  a 7 4  ! 6 )  t o  t h e  
measured r e s p o n s e ,  u s i n g  t h e  a p p r o x i m a t i o t ~  f o r  t h e  p a r a m e t e r .  
One can  e i t h e r  a p p l y  t h e  Kalman f i l t e r  d i r e c t l y  t o  t h e  n o i s y  
d a t a ,  o r  one  c a n  f i r s t  smooth t h e  d a t a  w i t h  a  d i g i t a l  f i l t e r  
as  was done  b e f o r e .  I t  was f o u n d  t h a t  t h e  second  method is 




r e s p e c t  t o  B and o n l y  u s e s  0 a n d  0 from t h e  Kalman f i l t e r ,  
I n  o t h e r  words ,  r a t h e r  t h a n  n u m e r i c a l l y  d i f f e r e n t i a t i n g  t h e  
d i g i t a l l y  f i l t e r e d  d e f l e c t i o n  f u n c t i o n  B ,  one  l e t s  t h e  
Kalman f i l t e r  w i t h  t h e  a p p r o x i m a t e  v a l u e  o f  t h e  p a r a m e t e r  y 
p e r f o r m  t h e  d i f f e r e n t i a t i o n .  
The s y s t e m  and  measurement e q u a t i o n s  c o r r e s p o n d i n g  t o  
Eqs. ( 5 )  and ( 6 )  a r e  
where  x1 = 6 ,  x 2  = !. I t  was f o u n d  t h a t  t h e  Kalman f i l t e r  
w i t ! ,  t h e  d i g i t a l l y  f i l t e r e d  m e a s u r e m e n t s  y i e l d s  b e t t e r  v a l u e r  
w 8 ,  8 t h a n  t h e  d i r e c t  n u m e r i c a l  d i f f e r e n t i a t i o n s ,  t h o u g h  y 
is  i n  e r r o r .  
The method was a p p l i e d  t o  t h e  c a s e  o f  Fig. 3 ( a )  w h r v  w i t h  
6 
a0 = . 2  t h e  f i n a l  e s t i m a t e  was y + 4.2. T h i s  v a l u e  was 
i n s e r t e d  i n t o  t h e  Kalman f i l t e r  e q u a t i o n s  r a t h e r  t h a n  t h e  
c o r r e c t  v a l u e  y = 5.0,  A u n i t y  m a t r i x  was assumed f o r  R, 
s i n c e  f o r  Q = 0 a n d  R d i a g c a a l  t h e  s o l u t i o n  d o e s  n o t  depend  
on  t h e  i n d i v i d u a l  P  a n d  R b u t  o n l y  on PRO', A f t e r  s e t t i n g  
R r I t h e  i n i t i a l  v a l u e  o f  P wee s e l e c t e d  a s  
T h i s  i s  t h e  h i g h e s t  
t h a t  t h e  i n i t i a l  s l  
v a l u e  c o n s i s t e n t  w i t h  t h e  
o p e  Po d o e s  n o t  r e s u l t  i n  
r e q u i r e n e n t  
a n  e x c e s s i v e  
c h a n g e  o f  t h e  componen t s  o f  P o v e r  t h e  t i m e  i n c r e m e n t  
A t  = ,1. A t  f i r s t  a n  i n i t i a l  c o v a r i a n c e  m a t r i x  
had  b e e n  s e l e c t e d .  The r e d u c t i o n  o f  Pll d u r i n g  t h e  f i r s t  
t i m e  i n c r e m e n t  was 8P11 = 9, which  i s  c l e a r l y  e x c e s s i v e .  
  he d i a g o n a l  tsrms o f  t h e  c o v a 5 i a n c e  m a t r i x  o b t a r n c r ! ' b y  
n u m e r i c a l l y  i n t e g r a t i n e  E q .  ( 6 )  a r e  shown i n  F i g .  5. 
Fig .  6 shows a  compar i son  o f  t h e  f l a p p i n g  r a t e s  and  
a c c e l e r a t i o n s  be tween t h e  e x a c t  v a l u e s  (aB = 0 ) .  t h e  v a l u e s  
o b t a i n e d  from n u m e r i c a l  d i f f e r e n t i a t i o n  o f  t h e  f i l t e r e d  
p o l l u t e d  B d a t a ,  and t h e  v a l u e s  from t h e  Kalman f i l t e r  
w i t h  y = 4.2 i n s t e a d  o f  y = 5.0. I t  is  e v i d e n t ,  how much 
I 
b e t t e r  t h e  KaJ .an f i l t e r  v a l u e s  f o r  8 and  0 are  a s  compared 
t o  t h e  v a l u e s  from n u m e r i c a l  d i f f e r e n t i a t i o n .  I t  was found  
A 
t h a t  t h e  8 e s t i m a t e  from t h e  Kalman f i l t e r  is c o n s i d e r a b l y  
l e s s  a c c u r a t e  t h a n  t h e  f i l t e r e d  measurement d a t a  used  i n  
n 
t h e  Kalman f i l t e r .  The 6 e s t i m a t e  s h o u l d ,  t h e r e f o r e ,  b e  
d i s c a r d e d  and t h e  stcoothed measured d a t a  f o r   s should b e  
used  i n  t h e  i d e n t i f i c a t i o n  a l g o r i t h m  of  Eqs. (12) and  ( 1 3 )  
a 2 
t o g e t h e r  w i t h  t h e  Kalman f i l t e r  e s t i m a t e s  6,  B e  F i g .  7 
n 
compares t h e  e s t i m a t e  y a n d  a s s o c i a t e d  v a r i a n c e  from F i g .  3 ( a )  
w i t h  t h e  v a l u e s  o b t a i n e d  w i t h  t h e  Kalman f i l t e r  f o r  y = 4.2 
m 
i n s t e a d  o f  5.0. The l a r g e  improvement by u s i n g  8, 8 f ~ o r  
t h e  Kalman f i l t e r  is  e v i d e n t .  F ig .  7 s u g g e s t s t h e  p o s s i b i l i t y  
of  a n  i t e r a t i o n  p r o c e d u r e  f o r  t h e  s i m u l t a n e o u s  e s t i m a t i o n  
b 
o f  s t a t e  v a r i a b l e s  and p a r a m e t e r s .  The new v a l u e  o f  y c o u l d  
.. 
be used  f o r  a n  improved e s t i m a t e  o f  k and 6 t o  b e  i n s e r t e d  
once  more i n t o  t h e  i d e n t i f i c a t i o n  a l g o r i t h m  of E q s .  ( 1 2 )  
and ( 1 3 ) .  T h e  e r r o r s  o f  t h e  smoothed measurements  o f  0 and 
a d d i t i o n a l  model ing  e r r o r s  w i l l  r e m a i n ,  s o  t h a t  a  t r u e  
c o n v e r g e n c e  of  t h e  i t e r a t i o n  method c a n n o t  be e x p e c t e d .  
N e v e r t h e l e s s  t h e  r e s u l t s  o f  o n e  o r  two i t e r a t i o n s  would 
p r o v i d e  come c l u e s  a s  t o  t h e  a c c u r a c y  o f  t h e  p a r a m e t e r  e s t i m a t e .  
E s t i m a t i o n  f r o m  Combined T r a n s i e n t  a n d  Trim R e s p o n r e  
The s e p a r a t i o n  o f  t r a n s i e n t  a n d  t r i m  r e s p o n s e  is n o t  
s t r a i g h t  f o r w a r d .  One way of a c h i e v i n g  s u c h  a s e p a r a t i o n  
is t o  F o u r i e r  a n a l y z e  t h e  p u r e  t r i m  r e s p o n s e ,  compute  t h e  
F o u r i e r  terms f o r  t h e  s a m p l e  p o i n t s  u s e d  i n  a n a l y z i n g  t h e  
t r a n s i e n t  and  s u b t r a c t  t h e s e  F o u r i e r  terms f rom t h e  
combined  t r a n s i e n t  and t r i m  r e s p o n s e .  S m a l l  d i f f e r e n c e s  o f  
l a r g e  numbers  may o c c u r  i n  t h i s  p r o c e s s  a n d  may c a u s e  
e r r o r s  i n  t h e  r e s u l t .  I n  c a s e  o f  t h e  p i t c h  s t i r r i n g  m o d e l  
r o t o r  a n o t h e r  c o m p l i c a t i o n  a r i s e s .  The t r i m  r e s p o n s e  
c a n n o t  b e  measu red  w h i l e  t h e  e c c e n t r i c  wh ich  p r o d u c e s  
c y c l i c  p i t c h  s t i r r i n g  i s  i n s t a l l e d .  Only  a f t e r  r e p l a c i n g  
t h e  e c c e n t r i c  by a  p i n  w i t h o u t  e c c e n t r i c i t y ,  c a n  t h e  t r i m  
r e s p o n s e  b e  m e a s u r e d  i n  a  s e p a r a t e  t e s t  r u n .  I n  t h i s  c a s e  
t h e  s e p a r a t i o n  o f  t h e  t r a n s i e n t  a n d  t h e  t r i m  r e s p o n s e  w i l l  
i n v o l v e  e r r o r s  f rom s e t t i n g  up  i d e n t i c a l  t e s t  c o n d i t i o n s  i n  
two d i f f e r e n t  t e s t  r u n s .  I t  was,  t h e r e f o r e ,  b e l i e v e d  t o  
b e  o f  i m p o r t a n c e  t o  l o o k  i n t o  t h e  p o s s i b i l i t y  o f  e s t i m a t i n g  
y d i r e c t l y  f rom t h e  combined  t r a n s i e n t  and  t r i m  r e s p o n s e .  
The r o t o r  c o n t r o l  p l a n e  a n g l e  o f  a t t a c k  f o r  the p l a n n e d  
t r a n s i e n t  model  t e s t s  i s  n o m i n a l l y  z e r o .  Wha teve r  a c t u a l  
small a n g l e  o f  a t t a c k  may e x i s t  i s  c o n s i d e r e d  by a  c o r r e c t i o n  
o f  t h e  c o l l e c t i v e  p i t c h  a n g l e .  We w i l l  t h u s  a s sume ,  t h a t  t h e  
e n t i r e  t r i m  r e s p o n s e  i s  c a u s e d  by a n  e q u i v a l e n t  c o l l e c t i v e  
p i t c h  a n g l e  which  i s  n o t  w e l l  known a n d  which  must  b e  i n c l u d e d  
i n  t h e  p a r a m e t e r  e s t i m a t i o n .  
F o r  t h e  computer  e x p e r i m e n t s  a  s t e p  i n p u t  o f  a c o l l e c t i v e  
p i t c h  a n g l e  of 2  was pe r fo rmed  a t  t i m e  z e r o ,  and t h e  normal  
f l o w  t r a n s i e n t  i n p u t ,  e i t h e r  i n  form o f  a  r e c t a n g u l a r  o r  a 
wave s h a p e d  p u l s e  was s t a r t e d  a t  t i m e  1 2 .  The i d e n t i f i c a t i o n  
was pe r fo rmed  between t i m e  1 2  and t i m e  20. F i g .  8 shows 
t h e  t r a n s i e n t  r e s p o n s e s  and t h e  combined t r a n s i e n t  and t r i m  
r e s p o n s e s  f o r  t h e  two t y p e s  o f  n o r m a l  f l o w  p u l s e s .  The 
two p a r a m e t e r s  t o  b e  i d e n t i f i e d  w i t h  Eqs. ( 1 2 )  and ( 1 3 )  a r e  
y and y 0, = 6 .  F i g s .  9 ( a )  and 9 ( b )  show t h e  e s t i m a t e s  
n n 
y a n d  6 from t h e  u n p o l l u t e d  cor:bined t r i m  a n d  t r a n s i e n t  
r e s p o n s e s  t o  t h e  two t y p e s  o f  normal  f l o w  p u l s e s  g i v e n  i n  
F i g s .  1 and 2. The i n i t i a l  v a l u e s  f o r  t h e  c o v a r i a n c e  m a t r i x  
I t  i s  s e e n  t h a t  y  is  i d e n t i f i e d  w i t h  a b o u t  t h e  same a c c u r a c y  
as f o r  t h e  t r a n s i e n t s  a l o n e ,  F i g s .  2 ( a )  and 2(b), w h i l e  6 i s  a l s o  
i d e n t i f i e d  w i t h  good a c c u r a c y .  
The c a s e  o f  n o i s e  p o l l u t i o n  w i t h  U S  = .1 was a l s o  s t u d i e d .  
The d i g i t a l  f i l t e r  method w i t h  a  c u t - o f f  f r e q u e n c y  r a n g e  o f  
n 
2.5 t o  2.9 r e s u l t e d  i n  v e r y  good e s t i m a t e s  f o r  y ,  b o t h  f o r  
t h e  r e c t a n g u l a r  normal  f l o w  p u l s e  and f o r  t h e  wave s h a p e d  
p u l s e .  The e s t i m a t e  f o r  6 = yRO was 1 0 %  low i n  b o t h  c a s e s .  
The f i l t e r  c u t - o f f  f r e q u e n c y  r a n g e  o f  2.5 - 2 .3  p r o b a b l y  
was n o t  o p t i m a l .  
The method d e s c r i b e d  i n  t h e  p r e c e d i n g  s e c t i o n  war a l r o  
a p p l i e d  t o  t h e  two p a r a m e t e r  e s t i rna t i . -*n  c a s e ,  i n s e r t i n g  i n t o  
t h e  Kalman f i l t e r  e q u a t i o n s  v a l u e s  of  y t 4.5 i n s t e a d  "f 
5.0 and  6 9.0 i n s t e a d  of 10.  Again t h e  i d e n t i f i c a t i o :  
was p e r f o r n e d  w i t h  t h e  n o i s e  p o l l u t e d  !aB = - 1 )  d i g i t a l l y  
f i l t e r e d  ( c u t - o f f  f r e q u e n c y  2.5 - 2 ,9 )  valuer f o r  0 a n *  
.. 
a I 
w i t h  t h e  Kalman f i l t e r  e s t i m a t e s  f o r  B and 8. F i g s ,  AO(a) 
and 1 0 ( b )  show t h e  r e s u l t s .  
The method works v e r y  w e l l  a l s o  f o r  t h e  two p a r a m e t e r  
n 
i d e n t i f i c a t i o n  a n d  p r o v i d e s  a n  e x c e l l e n t  e s t i m a t e  y a n d  
I 
somewhat r e d u c e d  a c c u r a c y  f o r  6. I t  may b e  p o s s i b l e  t o  
improve t h e  l a t t e r  by s e l e c t i n g  a  more f a v o r a b l e  d i g i t a l  
f i l t e r  c u t - o f f  f r e q u e n c y .  
P a r a m e t e r  E s t i m a t i o n  f rom M u l t i b l a d e  Responses  
When u s i n g  m u l t i b l a d e  f l a p p i n g  c o o r d i n a t e s ,  see R e f e r e n c e  
I l l ] ,  t h e r e  e x i s t s  t h e  p o s s i b i l i t y  t o  i n t r o d u c e  two d i f f e r e n t  
e q u i v a l e n t  b l a d e  Lock numbers,  o n e  f o r  t h o s e  ae rodynamic  
terms which r e f e r  t o  r o t o p  p i t c h i n g  and  r o l l i n g  moments, 
and a  d i f f e r e n t  one  f o r  t h e  ae rodynamic  t e r m s  which r e f e r  
t o  r o t o r  t h r u s t .  I t  is  i n t e n d e d  t o  t r y  t h i s  c o n c e p t  o u t  i >  
f u t u r e  r o t o r  model t e s t s .  Here  t h e  r e s u l t s  o f  some 
computer  e x p e r i m e n t s  a r e  p r e s e n t e d  which a r e  b a r e d  on  a 
m u l t i b l a d e  c o o r d i n a t e  r e p r e s e n t a t i o n ,  u s i n g  however o n l y  a 
mingle  v a l u e  o f  t h e  b l a d e  Lock number t o  b e  i d e n t i f i e d ,  
The r e s p o n s e s  t o  t h e  normal  f l o w  p u l s e s  ahown i n  F i g .  1 were  
o b t a i n e d  f rom t h e  c o m p l e t e  e q u a t i o n s  i n c l u d i n g  t h e  p e r i o d i c  
t e r m s .  They a r e  shown i n  F i g .  11. For  t h e  i d e n t i f i c a t i o n  a 
s i m p l i f i e d  s y s t e m  d e s c r i p t i o n  h a s  b e e n  u s e d ,  s e ~  R - f n r a n c e  
[ lgand P a r t  I o f  t h i s  r e p o r t ,  wh ich  o m i t s  p e r i o d i c  t e r m s  
a n d  t h e  m u l t i b l a d e  a c c e l e r a t i o n s .  As i n d i c a t e d  i n  F i g .  11, 
o n l y  t h e  r a t e s  o f  t h e  m u l t i b l a d e  c o o r d i n a t e s  Bo, B I s  B I I  a r e  
used .  Thus  a 3 : : e l i ng  e r r o r  i s  i n t r o d u c e d  i n t o  the 
i d e n t i f i c a t i o n  a l g o r i t h m .  
F i g .  1 2  shows t h e  r e s u l t s  o i  t h e  i d e n t i f i c a t i o n  p e r -  
fo rmed  w i t h  Eqs.  ( 1 2 )  a n d  ( 1 3 ) .  The i n i t i a l  v a r i a n c e  was 
Po = 1 0 0 0 ,  t h e  i n i t i a l  e s t i m a t e  q ( o )  = 0. The e r r o r  
c o v a r i a n c e  m a t r i x  was as sumed  t o  b e  
Four  c a s e s  a r e  shown i n  F i g .  1 2 .  
1. The r e s p o n s e s  a r e  u n p o l l u t e d  by n o i s e .  The i d e n t i f i c a t i o n  
f o r  t h e  wave s h a p e d  p u l s e ,  F i g .  12(b), is e x c e l l e n t .  F o r  
t h e  r e c t a n g u l a r  p u l s e ,  F i g .  1 2 ( a ) ,  t h e r e  i s  a 7% b i a s  
e r r o r  b e c a u s e  t h e  s i m p l i f i e d  model  c a n n o t  f o l l o w  t h e  
r a p i d  c h a n g e s  i n  r e s p o n s e ,  i n d i c a t e d  i n  F i g .  l l ( a ) .  
As e x p l a i n e d  i n  P a r t  I o f  t h i s  r e p o r t  t h e  f i r s t  o r d e r  
d y n a m i c s  r o t o r  r e p r e s e n t a t i o n  i s  good f o r  low f r e q u e n c i e s  
b u t  i n t r o d u c e s  i n c r e a s i n g  e r r o r s  f o r  i n c r e a s i n g  f r e q u e n c i e s .  
2. The u n p o l l u t e d  r e s p o n s e  i s  f i l t e r e d  w i t h  a  d i g i t a l  
f i l t e r  w i t h  a  c u t - o f f  f r e q u e n c y  r a n g e  of 1.7 - 1.9. The 
r e s u l t  o f  t h e  i d e n t i f i c a t i o n  from t h e  r e c t a n g u l a r  p u l s e ,  
F ig .  1 2 ( a ) ,  i s  g r e a t l y  improved,  r e s u l t i n g  now i n  o n l y  
2% b i a s  e r r o r .  For  t h e  wave shaped  p u l s e  t h e  i d e n t i -  
f i c a t i o n  i s  n o t  much changed from t h e  c a s e  w i t h o u t  
f i l t e r ,  s i n c e  t h e  wave i n p u t  e x c i t e s  t h e  h i g h e r  f r e -  
q u e n c i e s  o f  B t o  a lesser  d e g r e e  as  i s  s e e n  i n  F i g s .  
l l ( a )  and l l ( b 1 .  
3. Response  d e f l e c t i o n s  and  t h e i r  r a t e s  a r e  p o l l u t e d  by 
z e r o  mean computer  g e n e r a t e d  G a u s s i a n  s e q u e n c e s  w i t h  
s t a n d a r d  d e v f a t i o n s  i n d i c a - t e d  i n  F i g s .  l l ( a )  and  (b). 
T h i s  r e s u l t s  f o r  t h e  r e c t a n g u l a r  p u l s e  i n  a l a r g e  
b i a s  e r r o r  of  18%, f o r  t h e  wave shaped  p u l s e  i n  a 
s m a l l e r  b i a s  e r r o r  of 8%. 
4. The n o i s e  p o l l u t e d  r e s p o n s e s  a r e  E i l t e r e d  w i t h  t h e  same 
f i l t e r  a s  i n  c a s e  2. Now t h e  i d e n t i f i c a t i o n  y i e l d s  
v e r y  a c c u r a t e  r e s u l t s  f o r  t h e  wave shaped  p u l s e ,  somewhat 
l e ss  a c c u r a t e  r e s u l t s  f o r  t h e  r e c t a n g u l a r  p u l s e .  
One c a n  c o n c l u d e  from t h e s e  e x p e r i m e n t s  t h a t  f i l t e r i n g  of  
t h e  r e s p o n s e s  w i t h  a d i g i t a l  f i l t e r  w i t h  c u t - o f f  f r e q u e n c y  
r a n g e  of 1.7 - 1.9 n o t  o n l y  removes  much o f  t h e  b i a s  e r r o r  
from t h e  noise p o l l u t i o n ,  b u t  it a l s o  removes t h e  mode l ing  
b i a s  e r r o r .  I t  was found  t h a t  f i l t e r i n g  w i t h  a c u t - o f f  
f r e q u e n c y  r a n g e  o f  . 6  - - 9  g a v e  p o o r  y i d e n t i f i c a t i o n ,  
p a r t i c u l a r l y  i n  t h e  r e c t a n g u l a r  p u l s e  c a s e .  U s i n g  a 
s m o o t h e r  p u l s e  s h a p e  w i t h  l e s s  h i g h  f r e q u e n c y  c o n t e n t s  
and  i n c r e a s i n g  t h e  f i l t e r  c u t - o f f  f r e q u e n c y  r a n g e  o t  1.7 - 
1.9 r e s u l t e d  i n  v e r y  a c c u r a t e  i d e n t i f i c a t i o n  i n  s p i t e  o f  
t h e  s i m p l i f i e d  a n a l y t i c a l  model .  
As m e n t i o n e d  b e f o r e ,  o n l y  d e f l e c t i o n s  w i l l  b e  measu red  
i n  t h e  t r a n s i e n t  r o t o r  model  t e s t s .  A f u r t h e r  s e t  o f  
c o m p u t e r  e x p e r i m e n t s  a s sumed ,  t h e r e f o r e ,  t h a t  o n l y  B o ,  0,. 
BIZ a r e  a v a i l a b l e  a n d  p u l l u t e d  by n o i s e  w i t h  a s t a n d a r d  
d e v i a t i o n  i n d i c a t e d  i n  F i g .  11. T h e  d e f l e c t i o n s  w e r e  
f i l t e r e d  w i t h  a c u t - o f f  f r e q u e n c y  r a n g e  o f  1.7 - l . S  a n d  
. . 
n u m e r i c a l l y  d i f f e r e n t i a t e d  t o  o b t a i n  B o ,  B1, B I I .  The 
i d e n t i f i c a t i o n  r e s u l t  i s  shown i n  F i g .  13.  The  i d e n t i f i c a t i o n  
A 
o f  y i s  e x c e l l e n t  f o r  t h e  wave s h a p e d  p u l s e ,  less good f o r  
t h e  r e c t a n g u l a r  p u l s e ,  P r o b a b l y  t h e  l a t t e r  c a s e  c o u l d  b e  
improved  i n  a similar way a s  was shown f o r  t h e  s i n g l e  b l a d e  
by a p p l y i n g  a Kalman f i l t e r  w i t h  t h e  e s t i m a t e d  y t o  o b t a i n  
L 
r a t h e r  t h a n  a p p l y i n g  n u m e r i c a l  d i f f e r e n t i a t i o n .  
C o n c l u s i o n  
The compute r  e x p e r i m e n t s  were  pe r fo rmed  w i t h  a s i m p l e  , 
l i n e a r  p a r a m e t e r  i d e n t i f i c a t i o n  a l g o r i t h m .  The e s t i m a t i o n  
of b l a d e  Lock number a n d  c o l l e c t i v e  p i t c h  a n g l e  was baaed  
on t h e  a v a i l a b i l i t y  o f  n o i s e  p o l l u t e d  b l a d e  f l a p p i n g  
measurements  w i t h o u t  knowing t h e  f l a p p i n g  r a t e s  o r  
a c c e l e r a t i o n s .  I t  was found  t h a t  t h e  l i n e a r  e s t i m a t o r  
worked v e r y  w e l l  p r o v i d e d  t h e  d a t a  were p r o p e r l y  p r o c e s s e d  
by a p p l y i n g  a d i g i t a l  f i l t e r  w i t h  an o p t i m a l  c u t - o f f  
f r e q u e n c y  between 2 and 3. The f i l t e r  removed much o f  t h e  
b i a s  i n  t h e  e s t i m a t e  c a u s e d  by the n o i s e  p o l l u t i o n ,  and  
it a l s o  removed most  of  t h e  b i a s  i n  t h e  m u l t i b l a d e  e s t i m a t e  
from mode l ing  e r r o r s  i n c u r r e d  by o m i t t i n g  p e r i o d i c  terms 
and m u l t i b l a d e  f l a p p i n g  a c c e l e ~ a t i o n s .  S u b s t a n t i a l  improve- 
ment o f  t h e  e s t i m a t e s  were  p o s s i b l e  i f  t h e  n u m e r i c a l  
d i f f e r e n t i a t i o n  o f  t h e  p o l l u t e d  f i l t e r e d  f l a p p i n g  d e f l e c t i o n  
was r e p l a c e d  by Kalman f i l t e r i n g  w i t h  t h e  s y s t e m  e q u a t i o n s  
u s i n g  f i r s t  e s t i m a t e s  f o r  t h e  p a r a m e t e r s .  A c o n t i n u a t i o n  
o f  t h e  computer  e x p e r i m e n t s  i s  p l a n n e d  t o  encompass more 
complex s i t u a t i o n s  o f  r o t o r  p a r a m e t e r  i d e n t i f i c a t i o n .  
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F i g u r e  C a p t i o n s  
F i g .  1 Normal Flow P u l s e  and  A s s o c i a t e d  f l a p p i n g  R e r p o n r e  
f o r  u = .4, y ' 5,  ~1 = 1.2 
( a )  R e c t a n g u l a r  P u l s e  
(b) Wave Shaped P u l s e  
n 
r i g .  2 E s t i m a t e  y and A s s o c i a t e d  V a r i a n c e  P/Po f o r  
U n p o l l u t e d  Responses  
( a )  R e c t a n g u l a r  P u l s e  
(b) Wave Shaped P u l s e  1 
Fig .  3 E s t i m a t e  ; and  A s s o c i a t e d  V a r i a n c e  f o r  P o l l u t e d  
( a S  = . 2  and .05)  F i l t e r e d  (1 .7  - 1.9)  Responses .  1 4 
( a )  R e c t a n g u l a r  P u l s e  4 I 
(b) Wave Shaped P u l s e  1 
F i g .  4 Ra"es o f  F l a p p i n g  D e f l e c t i o n  $ 5 
t o o  a B  = 0 and .2 from N u m e r i c a l l y  D i f f e r e n t i a t i n g  1 
F i l t e r e d  Response  B e  I 
(a ) R e c t a n g u l a r  P u l s e  f 1 
(b) Wave Shaped P u l s e  1 
,j 
I 
Fig.  5 D i a g o n a l  Terms o f  C o v a r i a n c e  M a t r i x  f o r  Kalnan i; 
F i l t e r ,  R e c t a n g u l a r  P u l s e .  1 
1 
. ?  
Fig .  6 F l a p p i n g  Rates and A c c e l e r a t i o n s .  E x a c t  V a l u e r  % a 
( a  = O ) ,  from N u m e r i c a l l y  D i f f e r e n t i a t i n g  
f i f t e r e d  Response  B ( a g  = . 2 ) ,  a n d  from Kalman j /




F i g .  7 E s t i m a t e s  y and A s s o c i a t e d  V a r i a n c e  P/Po f o r  z i 
a~ = ' 2 ,  D i g i t a l  F i l t e r  and Kalman F i l t e r  f o r  i 
y = 4.2 R e c t a n g u l a r  P u l s e .  I 1 f 
Fig .  8 T r a n s i e n t  Response  and Combined T r a n s i e n t  a n d  
Trim Response  f o r  B o  = 2. 
( a )  R e c t a n g u l a r  P u l s e  
(b) Wave Shaped P u l s e  
A 1 
F i g .  9 E s t i m a t e s  y a n d  6 e n d  D i a g o n a l  Components  of  
A s s o c i a t e d  C o v a r i a n c e  M a t r i x  from U n p o l l u t e d  
R e s p o n s e s  w i t h  O 0  1 2 
( a )  R e c t a n g u l a r  P u l s e  
(b) Wave Shaped  P u l s e  I t  
F i g .  1 0  E s t i m a t e s  j a n d  i a n d  Diagonal Components  o f  
A s s o c i a t e d  C o v a r i a n c e  M a t r i x  f o r  P o l l u t e d  (ag = .1), 
F i l t e r e d  (2 .5  - 2.9)  R e s p o n s e s  U s i n g  Kalman 
F i l t e r  w i t h  y = 4 .5  a n d  6 = 9. 
( a )  R e c t a n g u l a r  P u l s e  1 '  
(b) Wave Shaped  P u l s e  
F i g .  11 Normal F low P u l s e  a n d  A s s o c i a t e d  M u l t i b l a d e  
F l a p p i n g  R e s p o n s e s  f o r  v = .4, y t 5,  wl = 1 . 2  
( a )  R e c t a n g u l a r  P u l s e  
(b) Wave Shaped  P u l s e  
F i g .  1 2  E s t i m a t e  a n d  A s s o c i a t e d  V a r i a n c e  P  f o r  
U n p o l l u t e d ,  U n p o l l u t e d  F i l t e v e d  (1.7 - 1.9), 
P o l l u t e d ,  a n d  P o l l u t e d  F i i t e r e d  H y l t  i b l a d e  
R e s p o n s e s ,  So, B I ,  B I I ,  Bar b I ,  B I I  g i * e n m  
( a )  R e c t a n g u l a r  P u l s e  
(b) Wave Shaped  P u l s e  
F i g .  1 3  E s t i m a t e  ; a n d  A s s o c i a t e d  V a r i a n c e  P  for P o l l u t e d ,  . 
F - l t e r e d  (1.7 - 1 . 9 ) .  D i f f e r e n t i a t e d  M u i t i b l a d e  
R e s p o n s e s ,  B o ,  B I ,  B I I  g i v e n .  
( a  ) R e c t a n g u l a r  P u l s e  
( b )  Wave Shaped  P u l s e  

Fig. 1 (b) 
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